Abstract. The reduction of kinetic equations to moment systems leads to a closure problem because material laws have to be expressed in terms of the moment variables. In the maximum entropy approach, the closure problem is solved by assuming that the kinetic distribution function maximizes the entropy under some constraints. For the case of Boltzmann equation, the resulting hyperbolic moment systems are investigated. It turns out that the systems generally have non-convex domains of de nition. Moreover, the equilibrium state is typically located on the boundary of the domain of de nition where the uxes are singular. This leads to the strange property that arbitrarily close to equilibrium the characteristic velocities of the moment system can be arbitrarily large.
1. Introduction. In this article, a maximum entropy moment system is studied which is based on the Boltzmann equation of gas dynamics with scalar kinetic velocities. However, the observations also apply to more general cases: whenever the velocity space in the underlying kinetic equation is unbounded, when the entropy functional is essentially given by H(f) = ? R R d f log f dc, when equilibrium states are related to Maxwellian distributions and when velocity moments of order four and higher are used (these assumptions are satis ed for the Boltzmann equation of gas dynamics with 3D velocities or the semiconductor Boltzmann equation with parabolic bands). It turns out that in such cases the equilibrium states are located on the boundary of the domain of de nition of the maximum entropy system. Moreover, the ux is singular in these states which leads to a very unexpected behavior of the systems. Note that there are kinetic equations and corresponding entropy functionals where these problems do not appear, as for example the radiative transfer equation or the semiconductor Boltzmann equation with bounded Brillouin zone.
2. The maximum entropy approach. A standard mathematical model describing the ow of rare ed gases is given by the Boltzmann equation for the distribution function f (t; x; v) of the gas particles 1] @f @t + v j @f @x j = 1 J(f ) energy density Other polynomial moments include the stress tensor and the energy ux.
In the case of slightly rare ed gas where the Knudsen number is a small parameter, numerical simulations of (2.1) are very expensive because of the high dimensionality of the problem and the sti ness of the right hand side. In view of the fact that one is rather interested in functionals of f than in f itself, it is a natural idea to derive equations directly for the functionals. Multiplying (2.1) with = ( 1 ; : : : ; m ) T proof is given that the maximum entropy problem (2.4) has the unique solution (2.5) whenever such multipliers = ( ) can be found.
Using the maximum entropy distribution, we can now close the moment system (2.3) and obtain
where G j and P are given by
Note that the domain of de nition U of G j and P is given by those moment vectors for which the solution F( ; v) of (2.4) exists.
In 6] it is shown that
is a (locally) strictly convex entropy for the system (2.6) which implies that (2.6) has the nice property of being symmetric hyperbolic. Another nice feature of (2.6) is that it contains the Euler equations of gas dynamics as special case. As we will see in the next section, the fact that equilibrium points are located on @U is not a mere technicality. For a model problem, we show that the ux function of the maximum entropy system is actually singular in equilibrium points which leads to the surprising result that arbitrarily close to equilibrium, the maximal characteristic velocity of the system becomes arbitrarily large. In the following, we are investigating only this ux function so that the production terms P ( ) = hJ(F( )); i need not be speci ed in detail. In fact, since G is independent of the collision model, the results automatically apply to a whole class of kinetic equations (see for example 2] for the case of Fokker-Planck equation).
We start with the investigation of the domain of de nition U of G. In order to be able to plot U, we consider its intersection with the a ne hyperplane E = f(1; 0; 1; q; s + 3) T : q; s 2 Rg because U \ E contains already full information about U: to nd out whether the maximum entropy problem (2.4) is solvable for some given (i.e. whether 2 U), we rst map by some algebraic operation to its rst three components and a normalized vector 2 E. If the maximum entropy problem can be solved for with result exp( ) (i.e. if 2 U \ E), an application of the algebraic operation in the reverse direction yields the solution exp( ) of the original problem. On the other hand, if 6 2 U \ E it follows that 6 2 U. for large n, the perturbation practically contributes only to the highest moment. After a suitable rescaling, one can achieve that the combined distribution function consisting of Maxwellian and perturbation has the moment vector (1; 0; 1; 0; 4) T for every n larger than some n 0 . Letting n tend to in nity, we nd f n ! F in L 1 (R) \ L 1 (R) and also H(f n ) ! H(F ) which yields the contradiction. In summary, we can say that very small packets of very fast particles are the reason for non-solvability of the maximum entropy problem. These packets are negligible for the value of the entropy but are important for the highest moment. Since the argument can be repeated for every moment vector which di ers from the one of the Maxwellian by a positive contribution in the highest moment, we nd that the domain of de nition U \ E . Increasing s further, the shoulder develops into a second peak ( g. 8) which rises for increasing s. In g. 9, three consecutive distribution functions corresponding to D in g. 5 are shown. Note that the position of the peaks is directly related to the characteristic velocity. Physically it means that the maximum entropy distribution contains a small packet of very fast particles (the value of the distribution function is only around exp(?30) at v 120). Hence, it is not surprising that also in the moment system information is transported with this speed. Recalling that the high velocity particles are the reason for the breakdown of the solvability of the maximum entropy problem, it is interesting to note that the same phenomenon leads to structural de ciencies of the moment system like the singular ux or the large characteristic velocities.
The problem of fast particles in the maximum entropy distribution, on the other hand, is related to the fact that the velocity domain is unbounded, that moment functions are used which grow faster than v 2 for jvj ! 1, and that the entropy functional does not control small contributions at high velocities. Thus, the structural de ciencies can be avoided by removing any of these properties, i.e. to work on bounded velocity spaces, or to use moment functions with slow growth or to switch over to other entropy functionals. For the speci c application of Boltzmann equation, however, none of these modi cations is very natural. 4 . Conclusion. Although the maximum entropy approach formally leads to moment systems with very nice properties, we have seen that the equations can su er from severe drawbacks if the underlying maximum entropy problem is not solvable. For a model problem, we have demonstrated that the domain of de nition is not convex, that equilibrium states are located on the boundary of the domain of de nition and that the ux is singular in equilibrium points, leading to arbitrarily large characteristic speeds arbitrarily close to equilibrium. From a microscopic point of view, the problems occur because of small groups of very fast particles appearing in the maximum entropy distribution functions. We stress that such a situation can only occur if the underlying velocity space is unbounded.
